We study an inhomogeneous sandpile model in which two different toppling rules are defined. 
I. INTRODUCTION
and Menech [12] , where a multifractal scaling of an avalanche size distribution of the BTW model was demonstrated. They assume that a multifractal character for SOC models like the BTW model is a crucial step towards the solution of universality issues. By applying the moment analysis they found FSS for the two-state Manna model [12] . Based on these results they conclude that the 2D BTW model and the Manna model belong to qualitatively different universality classes. This assumption was confirmed recently [13, 14] , where a precise toppling balance has been investigated in more detail.
In this paper we report the results of disturbing the dynamics of the BTW model using stochastic Manna sites which are randomly deployed. They can introduce stochastic events during an avalanche propagation. Our model was derived from the inhomogeneous sandpile model [15] in witch two different deterministic toppling rules were defined. In the proposed model the first toppling rule corresponds to the BTW model [1] and the second rule is now stochastic and corresponds to the two-state Manna model [2] . The model is similar to that in Ref. [14] , however we applied the original toppling rules of the listed sandpile models.
The paper is organized as follows. The inhomogeneous sandpile model is introduced in Sec. II. The avalanche scaling exponents, capacity fractal dimensions and crossover from multifractal to FSS are investigated with numerical simulations and the results are presented in Sec. III. The Sec. IV is devoted to a discussion which is followed by conclusions in Sec.
V.

II. MATHEMATICAL MODEL
We consider a d-dimensional hyper-cubic lattice of linear size L, and a notation presented by Ben-Hur et al. [7] is followed to define a sandpile model. Each site i has assigned a boundaries so added energy can flow outside the system, and an energy dissipation takes place only at the boundaries.
This model has been designed to enable a well defined change between two well known nondirected sandpile models: deterministic [1] and stochastic [2] (nondirected only on average) similarly as in Ref. [13] . The model belongs to the critical height models with conservative relaxation rules and with undirected energy transfer where the two thresholds are randomly frozen. It can be characterized as a sandpile with a possibility to modify its scaling behaviors.
III. RESULTS
We shall report the results obtained using numerical simulation of the conservative, undirected, critical height sandpile model defined by Eqs. Here the avalanche area a is the number of lattice sites that have relaxed at least once during the avalanche. The avalanche size s is the total number of relaxations that occurred during the avalanche. The probability distributions of these variables are usually described as power-laws with cutoff
where x = a, s. When the system size L goes to infinity, the cutoff x c diverges as x c ∼ L Dx .
If we assume FSS, then the set of exponents (τ x , D x ) from Eq. (6) defines the universality class of the model [10] .
The avalanche area probability distribution P (a) and avalanche size probability distribu-tions P (s) have been analyzed at finite lattice sizes L = 256, 512, and 1024. It is expected that these distributions follow a power-law P (x) ∼ x τx [Eq. (6) ]. For any lattice size L and density c the corresponding scaling exponents τ x,L (c) were determined. The scaling exponents found in the numerical simulations for the largest lattice size L = 1024 and for selected densities c are presented in Table I . It is evident that the exponents are increasing with c in the interval 0 < c < 0.1 and then for densities c > 0.1 they are almost constant.
The scaling exponents τ x,L show a finite size-effect when the lattice size L is changed.
Their dependences on lattice sizes L are approximated by a formula proposed by Manna
[17]
This approximation was used to extrapolate the scaling exponents τ x,L→∞ for the infinite
The avalanche size probability distributions P (s) obey the power-law dependence for any were found. In addition, for all densities c (see Fig. 1 ) the relation τ a,L→∞ (c) > τ s,L→∞ (c)
is valid.
The scaling exponents τ x,L as functions of the lattice size L show a finite-size scaling effect
[Eq. (7)]. An exact determination of scaling exponents τ x,L→∞ from numerical experiments is therefore a difficult task. A new method was introduced [6] to increase the numerical accuracy of the exponents based on their direct determination. We found that the method gives slightly larger exponents than a simple extrapolation of Eq. (7). However, the exponents τ s do not fluctuate around their mean values as it was observed in the paper [6] . Our error bars were larger, therefore we have to repeat this analysis again in more details.
Tebaldi et al. [11] found that in the BTW model the avalanche area distributions P (a)
show FSS and avalanche size distribution P (s) scale as a multifractal. To describe these scaling properties rather a multifractal spectrum f (α) versus α than the single scaling exponent τ s [Eq. (6)] is necessary. Thus, the scaling exponent τ s loses the importance and is replaced by a spectrum of exponents. Despite this fact, the avalanche size scaling exponents τ s,L→∞ (0) are determined. They enable a comparison with the previous results, since the whole point is that the exponent τ s,L→∞ (0) does not exist. The recent studies [11, 12] led us to analyze the multifractal properties of the model given by Eqs. (2)- (5) for various densities c. To determine the multifractal spectra a method presented in the paper [12] was useful.
There, for any finite-size lattices L, the quantities
a finite-size dependence on the system size L, which is well approximated by Eq. (7) and this relation was used to extrapolate L → ∞ quantities. Based on the Legendre structure
versus α x (q) can be obtained [12] .
Some significant spectra of f x (α x , c) extrapolated for an infinite lattice size L → ∞ are shown for illustration in Fig. 3 . The f x (α x , c) values were determined for the parameter q in the range −3.5 < q < 3.5 and they are limited by errors about ±0.08, similarly as in Ref. [12] . We have observed that if f x (α x , c) spectra are computed for all avalanches where a > 50 then the errors of f x (α x , c) are ±0.05. The multifractal scaling of the avalanche size probability distribution P (s) and FSS of avalanche area probability distribution P (a) were found at density c = 0 (see Fig. 3 (a) ). The avalanche probability distributions P (x) show FSS for densities c = 0.01 Fig. 3 (b) , and for c = 0.95 Fig. 3 (c) which is close to the Manna model (c = 1). The spectra for c = 0 and 1 agree well with the previous results [12] . It was found that the multifractal scaling of P (s) was destroyed ( Fig. 3(b) ) at a relatively small density of Manna sites 0 < c < 0.01.
Stella et al. [12] claim that if probability distributions P (x) satisfied FSS the large q data where the equality is true and thus the avalanche probability distributions P (x) show FSS behavior. It is clearly evident that only one value of ∆f (c) at the density c = 0, is outside the region |∆f (0)| > 0.10, and it corresponds to multifractal scaling of the BTW model [11, 12] . We have no data from the interval of densities 0 < c < 0.01 and thus we may only expect that a crossover from multifractal to FSS takes place in this interval.
The f x (α x , c) spectra enable us to determine the capacity fractal dimensions D x (c) as The moment analysis method [12] was used to clarify interesting properties of the scaling exponents τ x,L→∞ (c) which are shown in Fig. 1 . The values of the functions f min x (c) and for the moment analysis all avalanches where a > 50 were taken into account.
IV. DISCUSSION
The plots of τ x,L vs. 1/ ln L and an approximation given by Eq. (1) = −0.784 ± 0.05, agree well with the previous results, σ a = −0.391 ± 0.011 and σ s = −0.7900 ± 0.002 [18] . We may conclude that the experimental data for two known densities, c = 0 and 1, and data analysis methods
give approximately the same exponents as were found in previous numerical experiments [2, 6, 18] .
The scaling exponents defined by Eq. (6) [3] and the conditional exponents γ xy [7, 19] can characterize the sandpile models. The theory predicts τ s = 1.253 [4] and a few numerical experiments show D s ≃ 2.7 and D a ≃ 2 [4, 10] . The conditional exponents γ sa determined directly from the numerical experiments are γ sa (0) = 1.06 and γ sa (1) = 1.23 [7] .
Let us assume that the BTW and Manna models belong to the same universality class.
Then the scaling exponents τ x (c), D x (c) [Eq. (6] of the model (Eqs. (2)- (5) The conditional scaling exponents γ xy [19] can be determined as γ xy (c) = (τ y (c) − 1)/(τ x (c) − 1) [18] . Substituting the known scaling exponents τ x (c) (Fig. 6) , we determined γ sa (0.01) . = 1.34 and for the Manna model, γ sa (1) . = 1.29. We note that the scaling exponent τ s (0) does not really exist.
To determine the exact scaling exponents of the probability distribution functions P (x), the experimental data must show a power-law dependence given by Eq. (6). However, the avalanche area size distributions P (a) do not follow exactly power-law distributions for densities 0 < c ≤ 0.1 in the whole range of avalanche area sizes, a typical example is shown in the Fig. 2 . Chessa et al. [10] found that the area size distribution P (a) of the BTW model (c = 0) is not compatible with the FSS hypothesis in the whole range of avalanches. However, for large size of avalanches the FSS form must be approached.
They assume that the scaling in the BTW model needs sub-dominant corrections of the
where C i are nonuniversal constants and that these corrections do not determine universality class. The asymptotic scaling behavior is determined by the leading power law. We assume that the deviation from a simple power-law for densities 0 < c ≤ 0.1 (Sec. III) could be explained by this correction. We observed that the exponents for large avalanches a are larger than the approximate exponents (τ a,L=1024 = 1.23 in the Fig. 2 ) which cover the whole range. As a consequence, the leading exponents τ a,L (c) for densities 0 < c < 0.1 are higher than the approximate exponents which we found (they are not shown in the Fig.2 for 0 < c ≤ 0.09). It is evident that the leading scaling exponents τ a,L are different and are not constant (Fig. 1) as in the case of the BTW model or the Manna model and thus the model for these densities belongs to a different class than the BTW model or the Manna model.
Divergences from the expected power-law behaviour of the BTW model and a need of sub-dominant correction were observed in another inhomogeneous sandpile model [15] . Here the avalanche dynamic was disturbed by sites which had the second higher threshold. The effect was significant for thresholds E C ≥ 32 and low concentration of such sites [15] .
The multifractal properties (Fig. 3 ) of the model given by Eqs. (1)- (5) for the density c = 0 (the BTW model), and FSS for the density c = 1 (the Manna mode) agree well with the recent results [12] . In addition, the crossover from multifractal to FSS was observed in the Fig. 4 . Our results can only predict that a critical density is expected to be found in the interval of densities 0 < c < 0.01 (Figs. 3 and 4 ). This interval is five times smaller than what was found in Ref. [13] where the results are based on the autocorrelation function of the avalanche wave time series [20] .
We assume that divergences from power-law dependences in inhomogeneous conservative models, [15] and Eqs. (1)- (5), have a common reason which is connected to the crossover from multifractal scaling to FSS [13] . In both models a disorder is induced by deployment of disturbing sites. These disturbing sites either increase the short range coupling during relaxations in deterministic model [15] or introduce the random toppling [Eq. (5)]. In these models toppling imbalance [13, 14] only for a few such sites can change character of waves in the models from coherent to more fragmented waves [7, 8, 9, 12] .
In this study, the multifractal properties of the BTW model which is initially homogeneous, are destroyed at very low concentrations of such disturbing sites. In the opposite
case, the Manna model shows the FSS and resistance to disturbance caused by presence of BTW sites because all significant exponents from Eq. the unbalanced toppling symmetry of the Manna model [13] . For sandpile models which show FSS this is an expected result and agrees well with the theory [4, 10] , where a small modification of toppling rules cannot change the scaling exponents.
We can clearly identify two universality classes which correspond to the classes proposed in papers [7] or [13] : (a) nondirected models, for density c = 0 (BTW model, the multifractal scaling [5, 11, 12] ), and they show a precise toppling balance [13] and they are sensitive on disturbance of avalanche dynamics, (b) random relaxation models, for densities 0.1 < c < 1
where FSS of P (x) is verified, they are nondirected only on average (Manna two-state model c = 1 [7] ). In these models breaking of the precise toppling balance [13] is observed, the scaling exponents are resistant to disturbance of avalanches. The classification for densities 0 < c < 0.1 is not so clear. If we follow the proposed classifications then the model is a random relaxation model [7] with broken precise toppling balance [13] and it belongs in the same class as the Manna model. On the other hand, the scaling exponents differ from the Manna model and they are not universal (τ x (c) = const., D s (c) = const.), and the reasons of the sub-dominant approximation of area probability distribution functions [10] can play an important role. We assume that a new universality class between the BTW (c = 0, multifractal scaling) and the Manna (c > 0.5, FSS) classes [13, 14] could be identified for densities 0 < c < 0.1. However, a more detailed study is necessary to verify this classification.
Our additional arguments to the previous results [5, 6, 7, 8, 9, 13, 15] show that small modifications of the dynamical rules of the model can lead to different universality classes what is considered to be unusual from a theoretical standpoint [10] .
V. CONCLUSION
In these computer simulations multifractal scaling of the BTW model [11] and FSS of the Manna model [12] were confirmed. In addition, a crossover from multifractal scaling to FSS [13] was observed when avalanche dynamics of the BTW model was disturbed by
Manna sites which were randomly deployed in the lattice, as their density was increased.
This crossover takes place for a certain density c in the interval 0 < c < 0.01. This interval is five times smaller than what was found recently [13] . The scaling exponents τ x (c) and the capacity fractal dimension D s (c) are not constant for all densities c which is necessary if the models [1, 2] belong to the same universality class. These result agree well with the previous conclusions that multifractal properties of the BTW model [5, 11, 12] , toppling wave character [7, 8, 9] and precise toppling balance [13, 14] const.) and in addition, the avalanche probability distributions P (a) do not show exact power-law behavior since the sub-dominant corrections of P (a) [10] are important. In this interval of densities c, our model belongs to the random relaxation models [7] and to the models with unbalanced toppling sites [13, 14] , however, its scaling exponents are not equal to the exponents of the Manna model.
Based on the previous findings [13, 14] and our results we assume that the avalanche dynamics of undirected conservative models, in which some of the probability distribution functions show a multifractal scaling (the BTW model), is disturbed by suitable toppling rules which are different from the two-state Manna model (for example a stochastic four-state Manna model [7, 9] ), then a local manner for the energy distribution during the relaxation can be important and can change the scaling exponents. However, the models which show the FSS for all probability distribution functions (the Manna model) are not sensitive to the details of the toppling rules and are consistent with theoretical predictions [4, 10] .
